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^"v Abstract. We study gauge theories based on abelian p— forms on real 

compact hyperbolic manifolds. The tensor kernel trace formula and 
the spectral functions associated with free generalized gauge fields are 
analyzed. 
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1. Introduction 

i> ; 

Skew symmetric tensor fields play an important role in quantum field 
^ | theory, supergravity, and string theory, where they naturally couple to two- 

£^ ■ form connections. The two-form in string theory (the so called B— field) 

is described at low energies by a Maxwell type gauge theory which can be 
extended to higher p— forms. The abelian two-forms are closely related to 
the theory of gerbes which play a role in string theory [1, 2, 3, 4, 5, 6, 7]. 
Such forms can be understood as a connection on an abelian gerbe. 
qj' In the abelian case (which will be considered in this paper) the self-dual 

. two-form can be easily reduced to the abelian one-form gauge field. Gen- 

erally, the covariant quantization of skew symmetric tensor fields has met 
difficulties with ghost counting and BRST-transformations. In the frame- 
work of functional integration the covariant quantization of free generalized 
gauge fields - p— forms and the BRST-transformations have been obtained 
in Ref. 8. We note the topological anomaly which can be computed us- 
ing the Atiyah-Singer index theorem. Typically the anomaly is geometric, 
i.e. it is a smooth line bundle with hermitian metric and a compatible con- 
nection. The geometric anomaly (the pfaffian line bundle with metric and 
connection) may be computed using differential K— theory, a version of K— 
theory which includes differential forms as curvatures [9, 10]. 

In this paper we show that for p— forms on real hyperbolic manifolds 
the variables contribution reduces to a simple alternating sum of forms. We 
present a decomposition of the Hodge Laplacian and the tensor kernel trace 
formula associated to free generalized gauge fields - p— forms. The main 
ingredient required is a type of differential form structure on the physical, 
auxiliary, or ghost variables. We consider spectral functions on hyperbolic 
manifolds associated with physical degrees of freedom of the Hodge-de Rham 
operators on p— forms. 
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2. Exterior Forms of Real Hyperbolic Spaces 

We shall work with an n— dimensional compact real hyperbolic space X 
with universal covering M and fundamental group V. We can represent M 
as the symmetric space G/K, where G = SO\(n, 1) and K = SO(n) is a 
maximal compact subgroup of G. Then we regard T as a discrete subgroup 
of G acting isometrically on M, and we take X to be the quotient space by 
that action: X = T\M = Y\G/K. Let r be an irreducible representation 
of K on a complex vector space V T , and form the induced homogeneous 
vector bundle G Xk V T (the fiber product of G with V T over K) — ► M 
over M. Restricting the G action to V we obtain the quotient bundle E T = 
T\(G Xk V t ) — ► X = T\M over X. The natural Riemannian structure on 
M (therefore on X) induced by the Killing form ( , ) of G gives rise to a 
connection Laplacian £ on J? T . If Q,k denotes the Casimir operator of K - 
that is 

n* = -£# W 

for a basis {r/j} of the Lie algebra to of K, where (yj ,yi) = —5j£, then 
t{Q.k) = A r l for a suitable scalar A T . Moreover for the Casimir operator £1 
of G, with Q, operating on smooth sections T°°E T of E T one has 

£ = n-Arl; (2) 

see Lemma 3.1 of Ref. 11. For A > let 

r°° (X , E T ) X = {s£ T°°E T \—£s = As} (3) 

be the space of eigensections of £ corresponding to A. Here we note that since 
X is compact we can order the spectrum of — £ by taking = Ao < Ai < 
A2 < • • • ; limj^oo Xj = 00. We shall focus on the more difficult (and more 
interesting) case when n = 2k is even, and we shall specialize r to be the 
representation of K = SO (2k) on A p C 2k , say p 7^ k. The case when n is 
odd will be dealt with later. It will be convenient moreover to work with the 
normalized Laplacian £ p = — c(n)£ where c(n) = 2(n — 1) = 2(2/c — 1). £ p 
has spectrum {c(n)Xj ,rnj}^ Q where the multiplicity rrij of the eigenvalue 
c(n)Xj is given by 

mj = timr°°(X ,E tW ) x . ■ (4) 
2.1. Quantum dynamics of exterior forms. Let Tj 1 j 2 _^j k be a skew 

def 

symmetric tensor of (0, k)— type, i.e. r ^cr(j 1 ,...,j k ) = s g n ( (J )^j'i,i2,...,jfc) 
where sgn(a) = ±1 is the sign of a permutation a. The exterior differential 
p— form is 
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u p = (l/p\) X T jlj2 ... jp dx^A...Adx^. (5) 

h,—,jp 

Here A is the exterior product, dx^ are the basis one-forms, and j = 1, 2, n 
(dimM = n). Let A*(M) = ©™ =0 A P be the graded Cartan exterior algebra 
of differential forms; A p is the space of all p— forms on M. Let (*T) denote 
a skew symmetric tensor of (0, n — k) type, i.e. 

(*T) jk+1 .., n = (l/*0vfe-i» Til - J '* ' Th - jk = ■ ■ ■ S jkek T ei ..j k , 

(6) 

where £j 1 ...j n = ±1 for sgn(ji...j n ) = ±1 is the Levi-Civita tensor den- 
sity, and the metric gjf (an external gravitational field) has the signature 
(+,+,...,+). In local coordinates the exterior differential d : A p — > A p+1 , 
and the co-differential 5 : A p — > A p_1 take respectively the form: 

dT- 

dLO = (1/p!) Yl Q x l P+1 ^ A - A d^ 1 ' 

jl,j2, — ,jp+l 

dT- 

<5w = -(l/(p-l)!) ^ " 3v dx n A ... A dx 3v . (7) 

(J JLi n-\ 

]l,]2,-,3v-l J 

From last equations it is easy to prove the following properties for operators 
and forms: dd = 56 = 0, 5 = (-1)«p+«+ 1 * d*, * * uj p = (-1)^™-^. 
Let a p , [3 P be p— forms; then the invariant inner product is defined by 

def 

(a p , (3 P ) = J M a p A */3 p . The operators d and 5 are adjoint to each other 
with respect to this inner product for p— forms: (5a p , (3 P ) = (a p ,dP p ). 

In quantum field theory the Lagrangian associated with uo p takes the form: 
L = dujp A *duj p (gauge field); L = 5uj p A *5uj p (co-gauge field). The 
Euler-Lagrange equations supplied with the gauge give £ p ll> p = , 5uj p = 
(Lorentz gauge); £ p w p = 0, duj p = (co-Lorentz gauge). These La- 
grangians give possible representation of tensor fields or generalized abelian 
gauge fields. The two representations of tensor fields are not completely 
independent. Indeed, there is a duality property in the exterior calculus 
which gives a connection between star-conjugated gauge tensor fields and 
co-gauge fields. The gauge p— forms map into the co-gauge (n — p)— forms 
under the action of the Hodge operator (*). From the Hodge theory we have 
the orthogonal decomposition of p— forms 

ujp = 5uj p+ i + dujp^i + Har p , (8) 
with Har p being a harmonic p— form. It is known that the L 2 harmonic p— 
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form Har p appear on even real hyperbolic manifolds only. The following 
result holds: 

Proposition 1: (Ref. 12, p. 373). The manifold HP admits I? har- 
monic p— forms if and only if n = 2p. For even dimensional real hyperbolic 
manifolds the space of L? harmonic p— forms is infinite dimensional. 

One can consider the L 2 — de Rham complex: 



— ► A°(M) ... — ► A p (M) A p+1 (M) ... A n {M) — ► 0, 

(9) 

and its associated L 2 — cohomology 

v ; range (d p _iAP- 1 (M)) v ; 

The theorem of Kodaira Ref. 13, p. 165 gives the following injection: 



Harf\M) -L H P (M). (11) 

The map (injection) j is an isomorphism if and only if d p -\ has closed range. 
If j is not an isomorphism, then j has infinite dimensional co-kernel. The 
associated Laplacian £ p has closed range if and only if d p and d p -\ have 
closed range Ref. 14, p. 446. 

3. The Trace Formula Applied to the Tensor Kernel 

Since V is torsion free, each 7 G T — {1} can be represented uniquely 
as some power of a primitive element p : 7 = where ^(7) > 1 is an 
integer and S cannot be written as 7^ for 71 G T, j > 1 an integer. Taking 

def 

7 6 T, 7 / 1, one can find t 7 > and m 7 G 9JT = {m 7 G A'|m 7 a = 
am 7 , Va G A} such that 7 is G conjugate to m 7 exp(t 7 i7o)> namely for some 
g G G, g7g _1 = m 7 exp(t 7 i7o) ; that is, 7 is G— conjugate to m 7 exp(t 7 i7o) 
and m 7 G SO{n — 1). For Ad denoting the adjoint representation of G on 
its complexified Lie algebra, one can compute t 7 as follows [16]: 



e* 7 = max{|c| |c = an eigenvalue of Ad(7) : g —>■ g} , (12) 

Also 7 = <5 : '( r ^ where j(r) > 1 is a whole number and 5 G T — {1} is a 
primitive element; ie. 5 can not be expressed as 7^ for some 71 G T and 
some whole number j > 1. The pair (7(7), <5) is uniquely determined by 
7 G T — {1}. These facts are known to follow since F is torsion free. 



FORMS ON VECTOR BUNDLES OVER COMPACT REAL HYPERBOLIC MANIFOLDS 

Let do, no denote the Lie algebras of A, N in an Iwasawa decomposition 
G = KAN. The complexified Lie algebra g = g^ = so(2k + 1, C) of G is of 
Cartan type with the Dynkin diagram 

0-0-0-0-0 = 0- (13) 

2k nodes 

Since the rank of G is one, dimao = 1 by definition, say clq = RHq for a 
suitable basis vector Hq: 








1 





(14) 





1 









is a (k + 1) x (h + 1) matrix. By this choice we have the normalization 
(3(Hq) = 1, where (5 : ao — > K is the positive root which defines no; for more 
detail see Ref. 15. Define C(j) on T - {1} by 

C( 7 ) d = f e -^|det no (Ad^e*^ )" 1 - l) (15) 

Lastly, let Cr C T be a complet set of representations in T of its conjugacy 
classes. This means that any two elements in Cr are non-conjugate, and 
any 7 G T is T— conjugate to some element 71 G Cr : x^x" 1 = 71 for some 
x e T. The reader may consult the appendix of [15] for further structural 
data concerning the Lie group SO\{n, 1) (and other rank 1 groups). Note 
that the Killing form ( , ) is given by (x, y) = (n— l)trace(xy) for x, y G go- 
The standard systems of positive roots A + ,A^ for g and i = — the 
complexified Lie algebra of K, with respect to a Cartan subgroup H of C, 
H C K, are given by 

A+ = {ei|l < i < k}{jAj, (16) 

where 



= {Ei ±eA\ < i < j < k}, (17) 

and 
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is the set of positive non-compact roots. Here 



(Ho, H ) 2(2fc-l)' 



(19) 



[Si zb £j , Si dz £j 



1 



2fc + 1 



, i < j; i.e. (a, a) 



(20) 



Let r = r^) = representation of K on A J C 2fc , A T y) = Aj = highest weight 
of r is 



£i + ■ ■ ■ + Ej if j < k 

£l H h £2fc-j if j > k 



(21) 



Writing (Aj, Aj + 25 k ) = (Aj,Aj) + (Aj,2<5 fc ), S k = Ei=i( k ~ for 3 < k 
we have 



3 3 



(Aj, Aj) = \J2 £ P > £ e ? = £ e 9 ) = £ (%» e P ) = 777 77 

Vp=l 9 =1 / p,g=l p,,=l 



(22) 



(A J -,2* fc )= |^e p , 2^(fc-i)e i + 2 £ (fc - i) £i = 2$> p , (fc-p)e„) 

^p=l i=l i=j+l / p=l 



Therefore, 



^ K p ' pj "(i/o,^o) (#o,#o) 



(i^O, H 



2 ' 



p=l 



(Aj,Aj +25 k ) 



j + 2fcj - j(j + 1) 2/cj-f 



(Ho, H ) (H ,H ) 



In the case j > k we have 



(23) 



(24) 



'2fc-j 2fc-j 



2fc-j 



(Aj-.Aj) = ^ e p , £ i) = S ( £ p' £ p) 
\p=i <? =1 / p =1 

/2fe-j k 

(Aj, 26 k ) = 2 ^ £p) ^(A;_i) ei 
\ P =i i=i 

(2fc-j 2fc-j k 
e P' H ( fc ~ *) £ * + ( k - { ) ei 
p=l i=l i=2k-j+l 



2k -j 
(Ho, H ) 



(25) 
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J2k-J 2k-J 2k-J v 2k{2k _ 3) 2k- k 

= 2 1 E ^ E te * - E ^ J = (go>go) - 2 E 



2fc(2fc - j) - (2k - j)(2k -j + l) (2k - j)(j - 1) 



{Ho, Hq) 



(Hq, H ) 



(26) 



Thus for Aj = A^— highest weight of 

K = SO(2k) on A^'C 2fc , we have (Aj , Aj + 2<5 fe ) = (2kj - j 2 )/(H Q , H ) = 
(2k j - f)/(2(2k - 1)) for < j < 2k. 

Note that since we have specialized r to be t^ p \ the space of smooth sections 
Y°°E T of E r is just the space of smooth p— forms on X. We can therefore ap- 
ply the version of the trace formula developed by Fried in Ref. 17. First we 
set up some more notation. For aj the natural representation of SO(2k — 1) 
on A^C 2k ~ l one has the corresponding Harish-Chandra-Plancherel density 
given, for a suitable normalization of Haar measure dx on G, by 



2k - 1 



/V„(r) = 2 4fc-4[ r(fc )]2 { p JrP CTp (r)tanh(7rr) , (27) 
for < p < k — 1, where 



P+i 

^=2 



r 2 + fc - £ + - 



n 



<?=p+2 L 



r 2 + jfe - t + - 



(28) 



is an even polynomial of degree 2k — 2. One has that P ap (r) = Pa 2k -i- P ( r ) 
and /J-a p (f) = / u o- 2 fc-i- P ( r ) for fe < p < 2A; — 1. Define the Miatello coefficients 
[18] a$ for G = SO^k + 1, 1) by 



E4?^ 

£=0 



< p < 2k - 1 . 



(29) 



Let Vol(r\G) will denote the integral of the constant function 1 on T\G 
with respect to the G— invariant measure on T\G induced by dx. For 
< p < n — 1 the Fried trace formula applied to kernel /Q holds[17]: 



Tr (V'M = 4 P \}C t ) + ijrVQCt) + H^(K t ) + H^^t), 

(30) 
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where Ij?\)Ct) , H^iJCt) are identity and hyperbolic orbital integral respec- 
tively: 

I?{K t ) d = f X(1)V ; 1(r \ G) / ^ p (r)e-^+ P+ 4) dr , (31) 
47T Jm. 

H^\Kt) d = f -j= £ ^ 7 C( 7)x (m7 ) exp {-t(pl + p)- t*/(4t)} , 

with po = (n — l)/2, and x<r( m ) = Tr <j(m) for m G SO(2n — 1). 

For p > 1 there is a measure corresponding to a general irreducible 

representation a of SDT. Let <r p be the standard representation of Wl = 
SO{n - 1) on AfC( n_1 ). If n = 2k is even then a p (0 < p < n — 1) is 
always irreducible; if n = 2k + 1 then every a v is irreducible except for 
p = (n — l)/2 = fc, in which case cr^ is the direct sum of two spin-(l/2) 
representations : Ofc = cr + © cr~. For p = k the representation Tfc of 
K = SO(2k) on A k C 2k is not irreducible, = © TjT is the direct sum of 
spin-(l/2) representations. 

3.1. Case of the trivial representation. For p = (i.e. for smooth 
functions or smooth vector bundle sections) the measure p(r) = po( r ) cor- 
responds to the trivial representation of 9Jt. Therefore we take 1^ (Kt) = 

HjT l \K.t) = 0. Let x<r( m ) = trace (cr (to)) be the character of a, for a a 
finite-dimensional representation of 9JT. Since do is the trivial representa- 
tion one has Xo- ( m 7) = 1- In this case formula (30) reduces exactly to the 
trace formula for p = [11, 19, 20, 15, 21, 22], 

4°\!C t ) = ^™ / ^{r)e-^ +P D dr + <)(£,) (33) 
The function H^\)Ct) has the form 

B P<fr) = -?h E x(7)M(7)- 1 G( 7 )exp{-^-t 7 /(4t)}. 

V4vrt 7eCr _ {1} (34) 



3.2. Odd dimensional manifolds with cusps. Taking into account the 
fixed Iwasawa decomposition G = KAN , consider a T— cuspidal minimal 
parabolic subgroup P of G with the Langlands decomposition P = BAN, 
B being the centralizer of A in K. Let us define the Dirac operator £>, 
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assuming a spin structure for r\Spin(2fc + 1, 1)/Spin(2fc + 1)). The spin 
bundle E Ts is the locally homogeneous vector bundle defined by the spin 
representation t s of the maximal compact group Spin(2/c + f). One can 
decompose the space of sections of E Ts into two subspaces, which are given 
by the half spin representations a± of Spin(2/c) C Spin(2/c + 1). Let us 
consider a family of functions over G = Spin(2/c + 1, 1), which is given by 
taking the local trace for the integral kernel exp(— t® 2 ) (or T) exp(— tD 2 )). 
The Selberg trace formula has the form [23]: 

£ £ t t (a,iX k )-^- [ Tr(S r (v±,-i\) 

cr-a± A fe G(Tp 



x(d/ds)S r (a±, s)| s =u7rr(cr ± ,a)(/C t )) d\ = J r (/C t ) + H v {K t ) + U v {K t ) , 

(35) 

where a p £ Spec D, d(a±) is the degree of the half spin representation of 
Spin(2fc), Sr(cr±,iX) is the scattering matrix and J7r(/Q) is an unipotent 
orbital integral. The analysis of the unipotent orbital integral C/r(/Q) gives 
the following result [24, 23]: all of the unipotent terms vanish in the Selberg 
trace formula applied to the odd kernel function. This means that using the 
Fried result [17] one obtains a result in the case of cusps similar to that in 
the case of compact odd dimensional manifolds. 



4. The Spectral Functions on p— Forms 

If {A(p)}«l o are eigenvalues of the operator Sd restricted on p— forms and 
|^(p)|^ o are the eigenvalues of dS, then = f£ P+1 ' ) with equal multiplicity. 
There are two equivalent eigenvalues problems 



2 p u p - Xu p i 6ujp = x§UJp ■ (36) 

This means that the spectra of the Hodge Laplacian acting on exact p— 
forms and on co-exact (p — 1)— forms are the same. The transverse part of 
the skew symmetric tensor is represented by the co-exact p— form uj^^ = 

Su p+ i, which trivially satisfies 8oj p = 0, and we denote by £ p = 5d 
the restriction of the Laplacian on the co-exact p— form. 

The goal now is to extract the co-exact p— form on manifold which de- 
scribes the physical degrees of freedom of the system. Choosing a basis 
{ojp} of p— forms (eigenfunctions of the Laplacian) we get for an arbitrary 
suitable function F(£, p ) [25]: 

E H^H) = E (<4 CE) >n&p)<4 CE) ) 
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+Y,{d4-i> F W<H-i)+ b P F (°)> ( 3? ) 

i 

where b p are the Betti numbers, b p = b p (M) = rankzH p (M; Z). Using the 
properties of the Hodge Laplacian one can obtain 

£ (dwp_i, F(£ p )du)p_ 1 ) = £ (W pI F(Vi)W r ) 

= 2 (u^i^-O^-i) - ]T (^-2.^(^-1)^-2) - b P -iF(0). 
t I (38) 

Finaly we get 



TrF(4^)) = £(-1)^ (TrF(£ p _,)) " ^(0) £(-l) J W ( 39 ) 

Making the choice F(x) = exp(— tx), one can rewrite Eq. (39) using the 
Fried's result (30) in the form 

Tr (e-< E) ) = ±(-iy (if^+lt^HlCt) 
V J 3=0 

+<-%*) + Hjr^ilCt) - ftp-,-) . (40) 
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